Random Knots by Ducharme, Andrew & Peters, Emily
Random Knots
Andrew Ducharme, Dr. Emily Peters
Andrew Ducharme, Dr. Emily Peters
Loyola University Chicago
Department of Mathematics and Statistics
Email: aducharme@luc.edu, 
epeters3@luc.edu
Contact
Knot	theory,	a	subfield	of	topology,	has	surprising	applications	in	biology	and	quantum	mechanics.	Mathematical	knots	are	tied	within	a	string	fused	at	its	ends	instead	of	letting	them	remain	free.	Our	new	probabilistic	approach	studies	the	chances	of	producing	particular	knots from	the	randomization	of	any	knot’s	crossings.	We	show	every	knot	must	produce	trefoils,	the	most	basic	nontrivial	knot,	and	determine	what	is	produced	with	what	probability	from	three	classes	of	knots.	We	also	conjecture	bounds	on	the	probabilities	of	producing	knots	with	four	or	fewer	crossings.	This	work	has	been	published	on	the	arXiv and	submitted	to	the	journal	Involve.
AbstractOur	goal	is	to	understand	what	knots	are	formed	from	all	possible	choices	of	each	crossing.	Doing so	allows us tocalculate the probability of forming a	particular	knot.	The	first	general	example	we	considered	are the foil	knots,	a	generalization	of	the	trefoil.
A	free	trefoil,	drawn	more	symmetrically	on	the	left,	is	generalized	by	recursively	adding	sets	of	two	crossings.	
How	many	knots	with	an	arbitrary	number	of	crossings	k	are	formed	from	a	foil	knot	with	n	crossings?	Choose	some	m	crossings	to	make	positive	and	let	the	rest	(n-m	crossings)	be	negative.		Eliminating	adjacent	positive	and	negative	crossings	will	leave	𝑘 = 𝑛 − 2𝑚 crossings.	Thus,	we	choose	!"#$ crossings	from	a	pool	of	n	 crossings.	The	binomial	coefficient	 %&quantifies	the	number	of	possible	combinations	in	choosing	aobjects	from	a	set	of	size	b, implying	 !!"#$ knots are	formed.	Finally,	the	2	different	states	then	appends	a	factor	of	two.	So,	a	foil	knot	with	n crossings	has		2 !!"#$ resultants	with	k	crossings	for	all	odd	k	≤	n.
Foil Knots
Leveraging the results from the foilknots, whose	structure	appears	in	the	knots on the right, we	also	determined	these	knots’	resultants.	From	left to right, the	2	n,	k	n,	and2	1	n	knots.
More Knots!
Formally,	knots	are	mathematical	objects	which	are	embedded	onto	the	surface	of	a	sphere.	Practically,	they	are	depicted	as	roughly	two	dimensional	via	knot	diagrams.
From	left	to	right,	the	unknot,	trefoil,	and	figure	eight,	the	three	most	basic	knots.	Unknot	are	called	“trivial”	for	their simplicity.
Knots: An Introduction
A	major	result	from	our	work	is	a	theorem	which	proves	any	minimally	complicated	nontrivial	free	knot	is	guaranteed	to	have	trefoil	resultants.	But	better	than	showing	existence	are	limitations	(suggested	by	data)	on	the	probability	of	producing	certain	knots	from	any	free	knot.
These	absolute	bounds	appear	to	be	the	highest	possible	probability	for	forming	the	left	knot	from	any free	knot.
These are the explicit formulas	for	the	bounds	on	various	knot	probabilities.	Only	the	lower	bound	on	unknot	probability	has	been	proven.	Formulas	with	† have	limited	counterexamples	outside	a	well-behaved	class	called	algebraic	knots.
Proposed Bounds
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Unknot Probability These	graphs	plot	the	conjectured	bounds	on	trefoil	and	unknot	probability	versus	the	number	of	crossings	in	a	given free	knot.	Allowed	probabilities	would	fit	in	the	blue	space	above	the	orange.	
In our work, we turn	normal	crossings	into	“free	crossings”	where	a given	crossing’s	state–either over	or	under–is	unknown.	We	call	choosing	a	crossing’s	state	(making	its	state	known	instead	of	free)	an	”assignment.”	
A free	trefoil	and	the	two	possible	crossing	states.	The	left	crossing	is	positive,	and	the	right	crossing	is	negative.
Free Crossings
1
The	free	trefoil	is	decomposed	into	eight	“resultants,”	two	trefoils	(blue)	and	six		unknots	(red).	Note adjacent	positive	and	negative	crossings	can	be	untangled	as	well	as	left	resultants	having	opposite	assignments	as	those	on	right.
DNA	loops	can	be	knotted,	which	is	particularly	interesting	since	the	geometry	of	DNA	plays	an	important	role	in	its	expression.
This	electron	microscope	image	of	DNA	is	experimental	evidence	of	knots	in	nature.1
1 S.	Wasserman,	J.	Dungan,	and N. Cozzarelli, Discovery	of	a	Predicted	DNA	Knot	Substantiates	a	Model	for	Site-Specific	Recombination,	Science	229	(1985),	no.	4709,	171-174,	DOI	10.1126.
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